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Abstract. The conformal deformations are contained in two classes 
of mappings: quasiconformal and harmonic mappings. In this paper 
we consider the intersection of these classes. We show that, every K 
quasiconformal harmonic mapping between '^^''^ (0 < a ^ 1) surfaces 
with ^^''^ boundary is a Lipschitz mapping. This extends some recent 
results of several authors where the same problem has been considered 
for plane domains. As an application it is given an explicit Lipschitz 
constant of normalized isothermal coordinates of a disk-type minimal 
surface in terms of boundary curve only. It seems that this kind of 
estimates are new for conformal mappings of the unit disk onto a Jordan 
domain as well. 



1. Introduction and statement of the main result 

Let u : D ^ R" be a continuous mapping defined in a domain D of the 
complex plane C = {z = x + iy , x, y G R}, given by 

u{z) = {u\z),u\z),...,u''{z)), 

having partial derivatives in a point z := x + iy & D. The formal derivative 
(Jacobian matrix) of u in z is defined by 



Vn(z) 



Uy 



Then the Jacobian determinant (area magnification factor) of u and the 
Hilbert-Schmidt norm of Vu{z) are defined by 



Ju{z) = (det[Vn(z)'^ • Vu{z)])^^'^ = \l \ux\'^\uy\'^ - {u^^u 



2 

yi 



where by (•, •) and | • | are denoted the standard inner product and standard 
Euclidean norm in the space R", and 



\Vu{z)\\ = (jTrVn(z)^- Vn(z))'^' = Jl(\u,\2 + \uy\^) . 
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We also will use the following operator norm of Vu: 

\Vu{z)\ = max{\Vu{z)h\ :\h\ = l,he C}, 

and notice that, in the case of conformal mappings, the following two norms 
coincide. 

1.1. Parametric Surfaces. We define an oriented parametric surface A4 
in R" to be an equivalence class of mappings u = [u^, . . . , u^) : D — )• R" 
of some domain D C C into R" , where the coordinate functions u'' = 
vf'{x,y), k = l,...,n are of class at least "^^(D). Two such mappings 
u : D ^ R"' and u : D ^ R" , referred to as parametrizations of the surface, 
are said to be equivalent if there is a "^^-diffeomorphism cj) : D D of 
positive Jacobian determinant such that u = u o (p . Let us call such (p a 
change of variables, or reparametrization of the surface. Furthermore, we 
assume that the branch (critical) points of A4 are isolated. These are the 
points (x,y) £ D at which the tangent vectors = f^, '^y — ^ ^^'^ 
linearly dependent. Equivalently, at the critical points the Jacobian matrix 
'Vu{z) has rank at most 1. It has full rank 2 at the regular points. A 
surface with no critical points is called an immersion or a regular surface. 
If M : U — )• A^, then the surface Ai = u(\J) is called a disk-type surface with 
boundary. If u has continuous extension to the boundary, then it defines 
the boundary dM := n(T) of the surface M. If u\t : T — )• dM is a 
diffeomorphism, then the boundary is immersed. 

The of the surface equals 

(1.1) \uiD)\ = Jl^J^dxdy. 

1.2. Harmonic mappings. A mapping u = (u^,...,ti") : D — R" is 
called harmonic in a region C C if for k = 1, . . . ,n, is real- valued 
harmonic functions in D; that is is twice differentiable and satisfies the 
Laplace equation 



Let 



An'^ := + < 



1 _ ^2 



P(r, t) = — — , Os;r<l, 0<i^27r 

^ ^ 27r(l-2rcost + r2)' ^ i ^ ^ 



denote the Poisson kernel. Then every bounded harmonic mapping u :\J ^ 
R", n ^ 1, defined on the unit disc U := {z : \z\ < 1}, has the following 
representation 

(1.2) u{z) = P[F]{z) = rP{r,t- ip)F{e'')dt, 

Jo 

where z = re**^ and is a bounded integrable function defined on the unit 
circle T := {z : \z\ = 1}. If ?x is a harmonic mapping, then the surface M : = 
u(\J) is called a harmonic surface. If is a plane surface, then according 
to Lewy's theorem (|27j). > providing that u is a homeomorphism. On 
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the other hand, by a result of Berg ([3j) and Lichtenstein theorem, if Ai is 
C^'" regular, then Ju > on D, providing that u is a homeomorphism. 

1.3. Quasiconformal mappings. We say that a mapping u : D ^ R" 
is ACL (absolutely continuous on lines) in the region D G C, for every 
closed rectangle R C D with sides parallel to the x and y-axes, u is absolutely 
continuous on a.e. horizontal and a.e. vertical line in R. Such a function 
has of course, partial derivatives Ux, Uy a.e. in D. 

A homeomorphism u : D ^ u{D) C R" is said to be K- quasiconformal 
(K-q.c), K ^ 1, if n is ACL and if 

(1.3) \\Vuiz)f^^[K + ^)Uz), \z\<l. 

We will say that a q.c. mapping / : U — t- A^, of the unit disk onto a disk- 
type surface with rectifiable boundary 7 = dM is normalized if /(I) = wq, 
j^^2m/3-^ _ j^g47r«/3^ _ yj^^ where ivoWl, W1W2 and W2Wq are arcs of 

7 = dM having the same length |7|/3, where I7I is the length of 7. (Such 
mappings have continuous extension to the boundary.) 
Assume in addition that u is harmonic. Then 

u{z) = (Reai(z), . . . ,Rea„(z)), 

for some analytic functions a^iz), z € U, k = 1, . . . , n. Since 

1 " 

l|Vn(z)f = -^|aU^)|^ 
^ fc=i 

it follows from (jl.3p that Ju{z) > except for some isolated points in U 
which are branch points of the harmonic quasiconformal surface Ai := u{D). 

1.4. Isothermal (conformal) parameters. In what follows, we will con- 
cern ourselves mostly conformal parametrizations (1 - quasiconformal map- 
pings) u = (n^, . . . , li") : ^ R" . This simply means that the coordinate 
functions, called isothermal parameters^ will satisfy the conformality rela- 
tions: If = 1 then (jl.3p is equivalent to the system of the equations 

X]fc=i u^Uy = , and Uy are orthogonal in R" ) 

X;fe=i('Wx)^ = Efc=i('"y)^ {uxSJiduy have equal length ). 

Equivalently, it means that: 

(1.4) Ju = \Ux\^ = \Uy\^. 

Thus u is an immersion if Vu 7^ at every point. We refer to |5j for an 
excellent historical account of existence of isothermal coordinates. If u is 
harmonic and satisfies the system (II. 4p . then M \s a. minimal surface. A 
minimizing surface is a minimal surface spanning a given curve and having 
the least area. 
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Remark 1.1. A celebrated theorem by Lichtenstein states that each regular 
surface M := u{n) C R'^ of class < /x < 1, can be mapped confor- 

mally onto a planar domain U. In particular, ii A4 is 'i^^'^ disk-type surface 
with '(^^''^ immersed boundary, then there exists a conformal mapping r of 
the unit disk onto such that 

(1.5) Cm ■■= sup ^ < oo 

and for some cm > 

(1.6) CM ^ \t'{z)\ ^ — , z G U, 

Cm 

and 

(1.7) ^^^^f^^^c^. 

1.5. Some background and statement of the main result. The main 
question addressed here is under which conditions, a given harmonic dif- 
feomorphism (or a given quasiconformal mapping) between smooth surfaces 
with smooth boundary is globally Lipschitz continuous. In the best known 
situation, where the domain and image domain is the unit disk, neither 
harmonic diffeomorphisms, neither quasiconformal mappings are Lipschitz. 
Under some additional conditions on the dilatation, a quasiconformal self- 
mapping of the unit disk is Lipschitz at the boundary (see [2j). Conformal 
mappings (minimal surfaces and minimizing surfaces) are a subclass of both 
classes: harmonic and quasiconformal mappings. Concerning the regularity 
and bi-Lipschitz character of minimal surfaces and minimizing surfaces we 
refer to [3l],[Tl], [28] and [l6]. In this paper, we will consider a bit more 
general situation. We will consider harmonic quasiconformal mappings be- 
tween surfaces and investigate their Lipschitz character up to the boundary. 
This topic of research has its origin in the classical paper of Martio |32j . 
See also [7] and [6] for related results. In some recent results, see [2T]-[25]. 
[33] , [3T], [38]-[39] is established the Lipschitz and bi-Lipschitz character of 
quasiconformal harmonic mappings between smooth Jordan domains. In 
|43j . |41j and [l2] a similar problem for quasiconformal harmonic mappings 
with respect to the hyperbolic metric is treated. The class of quasiconformal 
harmonic mappings has been showed interesting, due to a recent discovery, 
that a q.c. harmonic mapping makes smaller distortion of moduli of annulus 
than a quasiconformal mapping |14j . 

Recently in [I9j, it is shown that, if u is a quasiconformal harmonic map- 
ping of the unit disk onto a smooth '^^''^ surface with '^^''^ boundary, then 
u is Lipschitz. 

In this paper we replace the condition "^^'^ by 'tf^''^ and find explicit 
Lipschitz constant for a normalized q.c. harmonic mapping. The celebrated 
Kellogg's theorem (see e.g. [8]), implies that a conformal mapping of the unit 
disk of onto a Jordan domain with "^^'^ boundary 7 is Lispchitz continuous. 
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However, until now, it is not known any explicit estimation of Lipschitz 
constant, depending on 7. 

Our main result can be stated as follows. 

Theorem 1.2. Let u : U — t- u(U) C R" be a K — quasiconformal harmonic 
mapping of the unit disk onto a 'rf^'^^ surface Ai = u{\J) with '^-'^'^ boundary 
7. Then u is Lipschitz i.e. there exists a constant L such that 



If u is a normalized q.c. mapping, then L depends only on K and 7, and it 
not depends on u neither on the surface M . It satisfies the inequality ()3.17p 
below. 

The proof of Theorem 11.21 is given in the third section. The proof rely on 
several lemmas which are proved in the second section, however the main 
ingredient of the proof is Lemma 13.11 (which can be considered as a Mori's 
theorem for q.c. mappings of the unit disk onto a smooth surface). 

The proofs are different form the proofs of related results in [19] where 
is imposed '^^''^ regularity of surface and some properties of the second 
derivative of conformal parametrization. Some of the tools for the proofs 
are conformal parametrization of a surface, arc-length parametrization of its 
boundary and isoperimetric inequality. We would like to point out Corol- 
lary 13.41 where is given an application of Theorem II. 2t it is given an explicit 
Lipschitz constant of isothermal coordinates of a minimal surface in terms 
of boundary curve only. 

Recall that the family of quasiconformal harmonic mappings contains 
conformal mappings. In |29j is given an example of a 'rf^ Jordan curve 7, 
such that a conformal mapping of the unit disk U onto D = int(7) C C is 
not Lipschitz. On the other hand, in [23] it is given an example of harmonic 
quasiconformal mapping of the unit disk onto itself, that is not smooth up 
to the boundary. This in turn implies that, our result is the best possible in 
this context. 



Proof. It is easily to obtain that, the condition ()1.3p is equivalent to 



Vu{z)\ ^ L, z E U 



and 



u{z) — u{w)\ ^ KL\z — w\, z,w £ \J. 



2. Auxiliary results 




. Then 



(2.2) 



Vu{z)\ ^ Kl{Vu{z)) 



where 



\S/u{z)\ := max{|Vu(z)/i| : \h\ = 1} 



6 



DAVID KALAJ 



and 

l{Vu{z)) := mm{\Vu{z)h\ : \h\ = 1}, 
(see e.g. [20l Lemma 2.1]). Let h = (q,/3) G T. Then 



|Vu(z)/ip = |na;|^a^ + 2 {ux,Uy) a/3 + |ny|^/3^. 



This yield 

(2.3) 
and 



max{\Vu{z)h\ : \h\ = 1} 



(2.4) mm{\Vu{z)h\ : \h\ = 1} 
where 



(|nJ2 + |^^|2)(i + ^T^4^) 



|n,|2 + |^xj,|2)(l- ^1- V) 



?7 



Therefore 
(2.5) 

For z = re** we have 
(2.6) 
Thus 
(2.7) 

By (EZl), and ([22]) we obtain 
,2.- 



J„(z) = \Vu{z)\-l{Vu{z)). 



du 

-— = ruy cos t — rux suit, 
dt ^ 



rl{Vu) ^ 



du 



dt 



dt 



□ 



Definition 2.2. For a positive nondecreasing continuous function w, u){0) 
we will say that is Dini's continuous if it satisfies the condition 



(2.9) 



t 



-dt < oo. 



A smooth Jordan curve 7, is said to be Dini's smooth if there exists a 'to^ 
diffeomorphism /i : T — >■ 7, such that the modulus of continuity u of h' is 
Dini's continuous. Observe that every smooth "^^'^ Jordan curve is Dini's 
smooth. 

Lemma 2.3. If oj is Dini continuous in [0,1], then oj has Dini continuous 
extension in [0, L], (L > I), which will be also denoted by co. Moreover for 
every constant a, uj{ax) is Dini continuous. Next for every < y ^ I there 
holds the following formula: 

/ — ^ / uj(at)dtdx = j 
Jo+ Jo Jo-\ 



(2.10) 



-dx. 



X 
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Proof. Taking the substitutions u = Jq uj{at)dt and dv = x^^dx, and using 
the fact that 



Um — = cjfO) = 



we obtain: 



/ — 77 / uj(at)dtdx = hm / uj(at)dtda 
yo-l- x^ Jo a^o+ J a x^ Jo 



= — Hm 



f^uj{at)dt ^ ^ fy ooiax) 



/ 

Jo 



a-*-0+ X 

y ijj{ax) uj{ax) 



a 



+ hm / dx 

a->-0+. 



dx. 



□ 



Let 7 G and ^ : T — >■ 7 be a smooth function. We will sometimes 
write h{t) and h'{t) instead of h{e^*) and ^h{e^^). Consider the following 
function 



(2.11) Khie'^, e^*) = ^\hit) - his)\^\h' {s)\^ - {h{t) - his),h'is)f. 
Wee need the following lemma. 

Lemma 2.4. If h : T j is Dini's smooth function of the unit circle onto 
a Dini's smooth Jordan curve 7, and uj is modulus of continuity of h' , then 

(2.12) |/C,(e-,e^*)l ^ ^^^^ ^ / ojir)dr. 

In particular, if h E 'i^^''^, then 

(2.13) \}Ch{e'',e'')\ ^ Ch\h{en - h{e''W - e'Y, 
where 

1 \h'{x)-h'{y)\ 

Moreover, if <p{e^^) = e^^^^^ is a smooth mapping of T onto itself, then 

(2.14) |/C,o^(e*^e**)| = |/'(5)||/C;,(e'^W, e^/W)|. 

Proof Set X = h{t) - h{s), Y = h'{s) and a e R. Then 

\Xf\Y + aXf -{X,Y + aXf 
= \Xfi\Yf + 2a {X,Y) + a'^\Xf) - {X, Yf - 2a {X,Y) \Xf - a'^\X\^ 
= \Xf\Yf - {X,Yf . 

Therefore we obtain 
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lCh{s,t) = ^/\Xm'^-{X,Yf 

= v/|X|2|y + aX|2-(X,y + aX)2 
^ ^|X|2|y + aX|2 = |x||y + aX\. 



Take now 



Since 



we obtain 



a 



s - t 



Y + aX = h'{s) 



h{t) - h{s) /•* h'{s) - h'{T) 



t - s 



t-s 



-dr, 



h'{s) 



h{t) - his) 



t - s 



Js t-s 
Js t-s 

1 rt- 



t - sJo 



Uj{T)dT. 



As \X\ = \h{t) - h{s)\, we obtain 



(2.15) 



\ICh{e^',e'')\ ^ 



\h{s)-h{t)\ f\'-'\ 



Uj{T)dT. 



\s-t\ Jo 

Since /C,,(e^(^=t27r)^ gi(t±27r)) ^ /C/,(e^^ e^*), according to (|2T3]) and 
1 



vr 



min{|s - t\,2TT - \s - t\} ^ le'" - e**| ^ min{|s - t|,27r - \s - t\} 



we obtain (pJ2]) . The inequality ([233]) follows from (|2T2]) . On the other 
hand 

d 



dt 



h{e'f^'^) = h'{f{t))nt) 



and this yields ([2TH) . 



□ 



Definition 2.5. Let < T ^ vr. A smooth surface Ai is said to be 
T—isoperimetric if every rectifiable Jordan curve 7 C with the length 
L spans a subsurface My C Ai with the area A satisfying the inequality 
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2.1. Examples. 

• Carleman, [4, Theorem 3.5, p. 129-232]. Every minimal surface 
(in particular every complex Jordan domain) is isoperimetric with 
T = 7r. 

• Courant, [U Theorem 3.7. (The proof)]. Every harmonic surface is 
isoperimetric with T = 1. 

• Huber, [13]. If the integral mean of Gauss curvature K satisfies the 
inequality 

/ max{K, 0}dM < 2tt, 
Jm 

then 

T = vr - - / max{K, 0}dM. 
2 Jm 

• According to the previous item, every surface is locally isoperi- 
metric. 

• Heinz, [10]. Every constant mean curvature surface x = u{z), z £ G 
with mean curvature H satisfying h := \H\ max^^^ ]x — c] < 1, 
c E M^, is a isoperimetric surface with 

1 - ^ 
T = vr -. 

1 + h 

• Li&Tam |30]. Let M be a complete noncompact surface with finite 
total curvature. Suppose that all the ends of M have quadratic area 
growth. Then M is an isoperimetric surface for some constant T. 

• Kalaj&Mateljevic, [20]. Every quasiconformal harmonic surface with 
rectifiable boundary is a isoperimetric surface with T = max{ ^_^^i> , 1}. 

Lemma 2.6. Ifu = P[F] is a harmonic mapping, such that F is a Lipschitz 
weak homeomorphism from the unit circle onto a Dini 's smooth Jordan curve 
7 = h{T) spanning a surface u(U) = Ai C R", then for almost every 
T S [0, 27r] there exists 

Ju{e'^) := lun Mre'^) 
and there holds the inequality 

(2.17) Uen ^ f'{r) / . ^ ' dt < oo, 

Jo 4tt sm 



where 

F(e^*) = /i(e*-^W) 

and fCh is defined in (j2.1ip . 



Proof. We will establish the existence of partial derivatives at the boundary 
et 

U{Z) = {ui{z),...,Un{z))=P[{Fi,...,Fn)]. 



of Ur and u^p. Let 



10 



DAVID KALAJ 



Observe first that, for i = 1, . . . , n, there exists an analytic function hi such 
that 



ZTT jn e^^ — z ^TTjn e" — z 



It follows that 



rl-K pit 1 /'27r ^ 

^^^^ = ^ / TT^ y,F,{e'')dt = — / FUe'')dt 



- / -^F[{(^')dt. 
m Jo e** - z * 



27rz Jo G — z 

Now in view of the fact that Re gir'l^ > 0) according to ([6, Theorem 2.2], 
see also [26]), we get that there exist radial boundary values of the function 
zh^{z) almost everywhere. 
It follows that, there exists 

Juien := lim J„(re^O 

r— 5>1 

for almost every r G [0, 27r]. 

Now by using the fact that F' € -^^^(T) we get 

(2.19) lim Ur{re'^) = Ur{e'^) 

1 — >i 

for almost every e*"^ G T. 

Let 63 (r, yj), 64 (r, (/?),... , 6„(r, ip) be an orthonormal system of vectors or- 
thogonal to Ur and u^p in the Euclidean space R". 
Define the vector 

v{r, if) = Ur{re^'^) x u<^(r6*'^) x 63(r, (^s) x • • • x 6„_i(r, (^s). 

Then ?j(r, y?) is collinear with en{r, (p) and its norm is given by 

\v{r,^)\=Ju{re'^). 

Now for constant vectors X2-, - ■ ■ ,Xn-2 and for the vector functions x(*) 
and ip{t) there hold 

rb rb 

(2.20) / X{t)dt X X2 X • • • X Xn-2 = / x{t) X X2 x • • • x Xn-2di, 
Ja Ja 

and 

(2.21) I C ^{t)dt\ ^ t \i}{t)\dt. 
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By using (|2.20|) . (|2.2ip and the fact that u is a harmonic mapping we 
obtain: 

(2.22) 

hm Ju(re*'^) = hm Ur{re^'^) x Ur{re^'^) x e3(r, r) x • • • x en_i(r, r) 

r— >1 r— !>1 



hm 

r—>-l 



hm 



1 — r 



X Ur(e*^) X e3(r,r) x • • • x e„_i(r,T) 



^hm / x;p(e^(*+-),e^n:^!M 



^•-^■i J-TT 1 — r 

where P{r, t) is the Poisson kernel and 



= v/|F(e^*) -F(e*^)|2|F'(e^^)|2 - (F(e**) - F(e*^), F'(e^^))^ 
= /'(r) - M/(t))P - - M/(r)), /.'(/(r)))^ 



i.e. 



(2.23) 



/C^(e^*,e-) = /'(T)/C,(/(t),/(T)). 



To continue, observe first that 
P{r,t) 1 + r 



< 



TT 



1 - r 27r(l +r2 - 2rcost) ~ 7r((l - r)2 + 4r sin^ t/2) ^ 4rt2 

for < r < 1 and t G [— vr, vr]. 

On the other hand by and ^171^ . for 



and 



we obtain 



Therefore 



(2.24) 



\g\oo ■■= ess sup|5(t)|, 



|/Ci.(e*(*+-),e^^)|<|/i'|ool/'loo / u:{x)dx. 

Jo 



iit+r) „^r^-P('''^) 



/CF(eH*+^\e 



1 — r 



t Art"^ Jo W 



4r t2 



U}{TT\f'\ooX)dx. 
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By (I2.24p . having in mind the equation (|2.10p . for r > 1/2 we obtain 



2r Jo V 
< M < oo. 

According to Lebesgue Dominated Convergence Theorem, taking the Hmit 
under the integral sign in the last integral in (j2.22p we obtain ()2.17p . 

□ 

Lemma 2.7. Let u = P[F]{z) be a Lipschitz continuous harmonic function 
between the unit disk U and a 'tf^''^ surface A4 C R" such that F is injective, 
and dD = h{T) € ^^'^^ where h is a "^^'^ parametrization. Then for almost 
every e^^ G T we have 

(2.25) limsup|J„(re''^)| <C,|/'(^)| / ^-^ . , ^' dx, 

where Ju{z) denotes the Jacobian of u at z, F(e**) = /i(e*-^*^*^), and 

{1 + H)mmt\h'{t)\ \x-y\^' 
Proof. It follows from Lemma 12.41 and Lemma 12.61 □ 

3. The main results 

Let 7 C be a closed rectifiable Jordan curve. Let dy{a, b) be the length 
of the shorter Jordan arc of 7 with endpoints a,b £ j. We say that 7 enjoys 
a A— chord-arc condition for some constant A > 1 (or 7 is chord-arc) if for 
all X, y G 7 there holds the inequality 

(3.1) d^{x,y) ^ A|x - y\. 

It is clear that if 7 € 'tf^ then 7 enjoys a chord-arc condition for some 
A^ > 1. 

Lemma 3.1. Assume that 7 C R" enjoys a chord- arc condition for some 
A > 1 and that bounds a smooth T -isoperimetric surface Ai (dM = j)- 
Then for every K— q.c. normalized mapping u between the unit disk U and 
Ai there holds the inequality 

(3.2) \uizi) - u{z2)\ L^{K)\zi - Z2\" 
for zi,Z2 eT, a = ^j^^fl2xy^ "'^^ 



L^{K) = 4(1 + 2A)2'' 
where \Ai\ is the area of the surface Ai. 



12'kK\M\ 
log 2 ' 
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Proof. For a € C and r > 0, put D{a, r) := {z : \z — a\ < r}. It is clear that 
if zq £ T = d\J, then, because of normahzation, u{TnD(zQ, 1)) has common 
points with at most two of three arcs ivowi, wiW2 and W2W0. (Here li^o, u^i, 
W2 £ ^ divide 7 into three arcs with the same length such that m(1) = wq, 
^|-g27n/3-j _ ^|-g47ri/3^ _ ^^^^ rp p 2^(2:0, 1) do not intersect at least 
one of three arcs defined by 1, e^'^*/^ and e^'^^/^). 

Let (/9 be a conformal mapping of a some neighborhood of Ai onto the 
unit disk (this neighborhood exist according to the definition od disk-type 
surfaces with boundary). Then ui = o u \s & K quasiconformal mapping 
of the unit disk onto a domain with rectifiable boundary 71 which enjoys a 
chord-arc condition. According to HI Theorem 5, p. 81], it admits a q.c. 
refiection. Let u be a q.c. mapping of the whole plane onto itself, such that 
■ulu = ui. 

Let kp denotes the arc of the circle \z — zq\ = p < 1 which lies in \z\ ^ 1. 
Take F{p,(p) = ui{zq — 'zQpe^'^). Then for n E N F is quasiconformal in 
= [i,n]x[-7r/2-l,7r/2 + l]. Since kp C {zQ-z^pe'^P : ip G (-7r/2, 7r/2)}, 
and F is absolutely continuous on almost every line {p} x [— 7r/2, 7r/2], it 
follows that ui is absolutely continuous on almost every kp for p > ^ as 
well as the mapping u. The conclusion is that u is absolutely continuous on 
almost every kp for p > 0. 

Let Ip = \u{kp)\ denotes the length of u{kp). Let Kp = {t G [0,27r] : zq + 
/9e** G kp}. By using polar coordinates and the Cauchy-Schwarz inequality, 
we have for almost every p 

il = Hkp)\^ = (f \du\ 



^ / \Vu{zo + pe''P)\pd^ 
\JKp y 

^ [ \Vu{zo + pe''^)\'^pd^p- ( pdif. 

JKp JKp 

Let 7p := ^(T n D{zo,p)) and let |7p| be its length. Assume w and w' 
are the endpoints of 7^, i.e. of u{kp). Then |7p| = d^{w,w') or |7p| = 
I7I — d^{w,w'). If the first case holds, then since 7 enjoys the A— chord-arc 
condition, it follows |7p| ^ X\w — w'\ ^ Xlp. Consider now the last case. Let 
7p = 7 \ 7p. Then j'^ contains one of the arcs wqWi, W2Wq. Thus 

|7p| ^ 2 1 7^ I, and therefore 

|7p| ^ 2A;p. 

Since l{kp) ^ 2/37r/2, for r ^ 1, denoting A.^ = U Pi D{zQ,r), we have 



(3.3) 



r ^dp ^TT r f |Vn(zo + pe''P)\'^pdfdp 

Jo P Jo Jkp 

i^nK r f Ju{zo + pe''^)pdipdp = TTA{r)K, 

Jo Jun 
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where A{r) is the area of n(A,.). Using the first part of the proof, it follows 
that the length of boundary arc 7r of u{Ar) does not exceed 2Xlr which, 
according to the fact that du(Ar) = 7r U u{kr), implies 

(3.4) |5u(A,)K /r + 2A/r. 

Therefore, by the isoperimetric inequality 

|an(A,)p {lr + 2Xlrf _ ,2 (1 + 2A)^ 
^[r) ^ 4x ^ 4T ~ ^ 4T ' 
Employing now (|3.3p we obtain 



Jq P 4T 



/o P 

Observe that for < r ^ 1 there holds rF'{r) = t^. Thus 

(1 + 2A)2 



F{r) ^ TTKrF'{r)- 
8T 



4T 

It follows that for 



a 



7ri^(l + 2A)2 
there holds 

^log(F(r)-r-2-)^0, 
ar 

i.e. the function • r~^" is increasing. This yields 

F(r) ^ F(l)r2" ^ T:K\M\r'^'^. 
Now for every r ^ 1 there exists an ri E [r / -v/2 , r] such that 

F{r) = ^dp^ ^dp = ll^ \0gV2. 

Jo P Jr/V2 P 

Hence 

'^^^ log2 

If z is a point with |z| ^ 1 and |z — zqI = '"/\/2, then by ([37 

\u{z) -u{zo)\ ^ (l + 2A)/ri. 

Therefore 

\u{z) - u{zq)\ ^ - ZoT, 

where 

Thus we have for zi , Z2 G T the inequality 
(3.5) |n(zi) -n(z2)K 4/7|zi -zsl". 

We now prove the main result of this paper. 



□ 
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Theorem 3.2. //n : U — )• is a normalized K — quasiconformal harmonic 
mapping of the unit disk onto a "^^'^ surface M. with 'tf^'^^ Jordan boundary 
7, then u is Lipschitz and there exists a constant L = L{K,'y) (satisfying 
inequality (I3.17P below) such that 

\\/u\ ^ L 

and 

\u{z) — u{w)\ ^ KL\z — w\. 

Proof. Let r be a conformal mapping of the unit disk onto A4 described in 
Remark II .11 Then r is bi-Lipschitz, i.e. there exists a constant cm ^ 1 such 
that 

1 \t(z) — t(w)\ 
^ ^CM, Z w,z,w £U. 

Cm \z — w\ 

Let in addition be a conformal mapping of the unit disk onto Ur = 
it~^(r(rU)) such that the mapping Ur = uo ipj. = P[Fr] is normahzed. The 
mapping Ur is a K quasiconformal harmonic mapping of the unit disk onto 
the surface Air C M. with boundary 7^ = dAir, satisfying A' -chord-arc 
condition, where 

(3.6) A' = 

Namely let a = T{re^^) and b = T{re^^) be two points of the Jordan curve 7^ 
and let (a, b) be the length of shorter Jordan arc of 7^ with endpoints a 
and b. Then 

2 

"^^M i^js ^Jt\ ^ ^^M 

Here [re**, re**] is the shorter act of rT with endpoints re** and re**. 

Consider the parametrization : T — )■ 7^ defined by Tr(e**) = r(re**), 
and write Tr{t) instead of Tr{e^^). First of all 

r;(t) = rr'(re^*) 

and there exists a constant Cr such that 

(3.7) - ^ |<,(t)| ^ rcr. 

Cr 

On the other hand, 

a, := sup M2lqM = ™p r\^(re-)-r'ire")\ ^ 

where Cm is defined in ()1.5p . 
Let 

Lr = \Fl\oo ■■= max{|F;(e**)| : s G [0,2^]} = |F;(e**)|. 

First of all 

(3.8) |F^(e*(*+^)) - F^(e**)| ^ |L^|e*^ - 1|. 



d^M:b) ^ l^-^\T'{z)\\dz\ ^ ^|re**-re**| ^ ^\a-b\. 
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By (HI]), (I2:25]l (taking h := Tr) and (I32D we obtain 



I.e. 



' ^ 2rc, |e- - 1|2 

Hence for 

(3.9) Cr = 

and for /3 satisfying < /3 < 1, in view of (j3.8p . we obtain 



(3.10) 



^ |F^(e*(*+^)) - Fr{e'*)\^+^'-^ . dx 



Thus 



/ -^r ^ Cr J" 



|F^(e*(*+^)) -F^(e**)|^+''-^ dx 



In view of Definition l2.51 harmonic surfaces are 1-isoperimetric. By Lemma f3.ll 
Fr is Holder continuous with exponent 

2T 



ttK{1 + 2A')2 7rK(l + 2A')2 ' 
Choose /3, < /3 < 1, sufficiently close to 1, so that 

£7 = (a' - 1)(1 + /u - /?) + ^ - 1 > -1. 

For example, 

/3 = 1 



2 - a'' 
and consequently, 

fia' 

a = 7 — 1. 

2 -a' 

Because jr is a A' chord-arc curve, we get 

L^-^ ^ a • (L^AK))'^"-'^ r |e" - 11" dx = C'r, 

J — n 

and hence 

(3.12) Lr ^ {C'ry^^^-'^^ = {C'r)^ . 
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On the other hand 



r(i/2-»/2)r(i + s/2) 



dt ^ ' 



2cr ' " r(l/2-fT/2)r(l + CT/2) 

Cr 1 + 17 

Thus, in view of (|3.6p and we obtain 

(3.13) supLr < oo. 

r 

Since is smooth we have 

^(pe^*) = P[F;](pe^*). 
From (USD and (pT]) it fohows 

(3.14) |Vn^(e'*)| ^ K 

To continue, observe that Vn^ is harmonic and bounded and there holds 
Vur{z) = P[Vur(e**)](z). 

Thus for \h\ = l 

\Vur{z)h\ = \P[Vur{e'*)h]{z)\ < P[\Vur{e'^)h\]{z). 
It foUows that 

(3.15) \SJUr\ ^ K\Fl\oo = KLr. 

Combining (I3.15P and (I3.13P we obtain 

sup{|Vn(z)| : \z\ < 1} < oo. 

By using the fact proved in the previous proof that u is Lipschitz continuous, 
and proceeding again the previous proof: setting L instead of L^, / instead 
of fr, and an arc length parametrization g j instead of t^, and using the 
fact that a smooth curve is chord-arc curve for some A, we obtain that 

esssup{|F'(t)| : ^ t ^ 27r} = L{K,X,T) =: L, 

and 

(3.16) \Vu\ ^ K\F'\^ = KL. 

See remark below for an explicit estimate of L. □ 

Remark 3.3. Since 4\M-\ ^ I7P, the previous proof yields the following esti- 
mate of a Lipschitz constant L for a normalized X — quasiconformal harmonic 
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mapping between the unit disk and a disk-type surface Ai bounded by a 
Jordan curve 7 E '^^•'^ satisfying a A— chord-arc condition. 



2-a 



(3.17) L ^ 8 ( KC,^^^^] {4(1 + 2A)|7| I 



where 



2fj,a J [ V log 4 



8T 

7ri^(l + 2A)2' ^ 



and 

|g-(t)-g-(.)| 
C-v = max ; ; . 

^ s=^t \t-s\^' 

Here g is an arc length parametrization of 7. See [39], [38], [25] and [T7] 
for more exphcit (more precise) constants, in the special case where 7 is the 
unit circle. We can express A in terms of g as follows 

It is clear that A < 00, because 

li™ i—r^ m = I ,/ M = 1- 

is,t)^{T,r) \g{s) - g{t)\ \g'{T)\ 

The following corollary of Theorem 13.21 gives a quantitative estimate of 
the lipschitz constant of a conformal mapping, parameterizing a minimal 
surface with smooth boundary (see [34] and [28] for existential proof of this 
fact and HU and HU for related results). 



Corollary 3.4. Let u{x, y) = {u^, . . . , n") : U — t- be normalized isotherm 
coordinates of a minimal surface M. spanning a Jordan curve 7 E '^^''^ and 
assume that g is an arc-length parametrization of 'j. Then 



\Ux\ — \Uy\ ^ L, 



where 

-3/4+A(l+A) 

( r;..(-?./d -^ \^^ -^ Ai w 1 

L = 8 



-3/4+A(l+A) n/9^A^ 

^^(-3/4 + A(l + A))^l ^ (4(1 + 2A)|7| 1 



2m J I J 

and A is defined in (j3.18p . In particular if /j, = 1, we obtain 



L = 8 



| + A(1 + A) 



2 

where the largest curvature of j defined as 

Kry = ess sup |(7"(s)|. 

Os£ss;|7| 



+^(1+^) [4 (l + 2A)|7 n(^/'+^^ 
Vlog4 
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Proof. Note first that, a minimal surface is not necessarily regular. Thus 
we cannot apply directly Theorem 13.21 By [Ml Theorem 1] (see also [29| 
Theorem 1]), u is Lipschitz continuous. Therefore the proof of Theorem 13.21 
gives desired estimates. The constant is better than that of (I3.17p . because 
for minimal surfaces we have T = vr, = 1 and 47r|A^| ^ |7|2. □ 

By using Theorem 13.21 and isotherm coordinates near the points in the 
boundary we obtain 

Theorem 3.5. If w : M ^ A4 is a K — quasiconformal harmonic mapping 
between "^^'^ surfaces M and M. with "^^'^ and compact boundaries, then 
w is Lipschitz. 

Proof. Under the conditions of theorem, w has a continuous extension to 
the boundary. Take p G dN, let q = w{p) £ dM and choose a disk- 
type surface Mq with smooth boundary, containing an open Jordan arc 
7g C dM, such that q £ 'jq. Let (p he a conformal mapping of the unit 
disk onto A^'o = u~^{M-o), such that = p. Then n = w o </? is a 

IT— quasiconformal harmonic mapping of the unit disk onto A^o C Ai. By 
Theorem 13.21 u is Lipschitz. According to Remark 11.11 if is bi-Lipschitz in 
some small neighborhood of 1. This implies that w is Lipschitz in some 
neighborhood of p. As dM is compact, it follows that w is Lipschitz near 
the boundary dM of M. The conclusion is that, w is Lipschitz. □ 

3.1. Remarks. Our main theorem has an important assumption that the 
surface is a 'rf^^'^ regular surface. Since the Lipschitz constant depends 
only on the boundary of A^, it would be interesting to check whether the 
assumption that Ml is regular is essential. In the case that Ml is a minimizing 
surface spanning a sufficiently smooth Jordan curve, then Ml is a regular 
surface, i.e. Ml has not branch points inside neither on the boundary (see for 
example [l6] and reference therein for this topic). We expect that, our main 
result still hold assuming only that the corresponding mapping u = P[F] is a 
q.c. harmonic mapping such that -^(T) is a "^^'^ Jordan curve. On the other 
hand, harmonic surfaces can have branch points as well as q.c. harmonic 
surfaces because minimal surfaces that are not minimizing surfaces are not 
free of branch points. Therefore, probably, the corresponding harmonic 
q.c. mapping is not bi-Lipschitz, without the assumption that the surface 
is regular. In a recent result of the author (p2]), it is proved that, if the 
surface is at least ^^'^ regular, then such mapping is bi-Lipschitz, and we 
expect that the class "^^'^ can be replaced by 
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